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ON EMBEDDINGS OF FINITE SUBSETS OF ℓ2
JAMES KILBANE
Abstract. We study finite subsets of ℓ2, and more generally any metric space, and consider
whether these isometrically embed into a Banach space. Our results partially answer a question
of Ostrovskii [1], on whether every infinite-dimensional Banach space contains every finite subset
of ℓ2 isometrically.
1. Introduction
The area of embedding metric spaces into Banach spaces has been an active area of research.
Questions in this area tend to form the following type: Suppose I have a Banach space X and a
metric space lying in some class Y. Is there an embedding with some ’good’ property into X? A
variety of formats of this question have been asked, eg, infinite discrete metric spaces with some
expander property embedding into L1, locally finite metric spaces whose finite subsets admit
bilipschitz embeddings, etc.
This paper focuses on the following variant of this question:
Question 1.1. Suppose that X is a Banach space and let Y be the class of finite metric spaces
that admit 1 + ǫ distortion embeddings into X for each ǫ > 0. Then, for any Y ∈ Y, does there
exist an isometric embedding of Y into X? Can we come up with criteria on the spaces X such
that this is true?
This question attempts to capture a compactness principle for Banach spaces, which could
broadly be phrased as "is there a way of passing to a limit?"
The following related question was raised by Ostrovskii [1] on MathOverflow:
Question 1.2. Suppose that X is an infinite-dimensional Banach space, and let Y be the class
of finite subsets of ℓ2. Then does any Y ∈ Y admit an isometric embedding into X?
The purpose of this paper is to give some insights into both of these questions. For Question 1.2
we will establish the following result:
Theorem 1.3. Suppose that X is an infinite-dimensional Banach space and Y is an affinely
independent finite subset of ℓ2. Then Y admits an isometric embedding into X.
This will be proved in Section 3. Theorem 1.3 is, in some sense, a local result. The construction
proceeds inductively: we embed the first k points of Y and then search for an embedding of the
k + 1’st point (see the proof of Theorem 3.1). We then show that such an inductive procedure
(where the points become fixed each time) can not work in the case of affine dependence (see
Theorem 3.2).
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After the first edition of this preprint, it was pointed out to the author (by Lionel Nguyen
Van Thé) that Theorem 3.1 was proven in a paper of Shkarin [9]. We thus make no claims of
originality of the contents of Theorem 3.1, however the method of proof is different here.
In Section 4, we will discuss Question 1.1. First of all we will show that known results imply
that many spaces satisfy the conclusions of Question 1.1. After this we will show that a method
similar to that of the proof of Theorem 3.1 allows us to show that any space with no non-trivial
cotype contains every concave metric space (for the definition of concave see Section 2.1).
We then discuss some counter-examples, and show that not all spaces satisfy the conclusion of
Question 1.1. We can, in fact, generate an entire class of such spaces.
The results of Section 4 allow us to extend our results about Question 1.2, and show that several
spaces contain all finite subsets of ℓ2 isometrically.
The paper concludes with an application of Theorem 3.1, some general remarks, and some open
problems.
2. Definitions and Notation
2.1. Metric Space Definitions. In this paper, we will mainly use the letters X,Y, . . . for a
metric space with corresponding metrics dX , dY , . . . .
Suppose that f ∶ X → Y is a map on metric spaces. We say that f has distortion K if there is
some r > 0 such that rdX(x, y) ≤ dY (f(x), f(y)) ≤ rKdX(x, y).
If (X,d) is a metric space, and α ∈ (0,1) then the α-snowflake of X is defined to be the metric
space (X,dα).
The following definition is less standard: We say that a metric space is concave[7] if the triangle
inequality is always strict, ie that for all distinct triples x, y, z, dY (x, y) + dY (y, z) > dY (x, z).
We remark that for finite metrics the concave metrics are ’dense’ amongst them (in the sense
of Gromov-Hausdorff distance). This is because if we have dY a metric, the α-snowflake d
α
Y for
α ∈ (0,1) is a metric, and d
1−1/n
Y
→ dY .
We say that a metric space is equilateral if there exists some constant K such that whenever
x ≠ y, d(x, y) =K.
If x, y are distinct points in a metric space, we say that z is a metric midpoint of x and y if
d(x, z) = d(z, y) = 1
2
d(x, y).
2.2. Banach Space Definitions and Classical results. Suppose thatX,Y are Banach spaces.
We let d(X,Y ) be the Banach-Mazur distance defined by d(X,Y ) = inf{∥T ∥∥T −1∥ ∶ T is an iso-
morphism from X to Y }.
The main classical result we will use is the Dvoretzky theorem which says (heuristically) that
every infinite-dimensional Banach space contains n-dimensional slices that arbitrarily well look
like ℓn
2
. More precisely,
Theorem 2.1. Let n ∈ N and ǫ > 0. Then there is some N (depending on both n and ǫ) such that
if X is an N -dimensional Banach space, then there is a subspace Y of X such that d(Y, ℓn
2
) ≤ 1+ǫ.
A proof of this (and more detailed discussion of the statement) can be found in, say, [2].
ON EMBEDDINGS OF FINITE SUBSETS OF ℓ2 3
This shows that any infinite-dimensional space that satisfies the conclusion of Question 1.1
satisfies the conclusion of Question 1.2. Indeed, suppose we have a finite subset Y of ℓ2. Then
Y lies in some ℓn
2
for n ≤ ∣Y ∣. So, if we choose some subspace Z of X for which d(Z, ℓn
2
) ≤ 1 + ǫ,
we obtain a 1 + ǫ distortion embedding of Y into Z.
We will also use certain convexity properties of Banach spaces. Suppose that X is a Banach
space. We say that X is strictly convex if, for any x ≠ y ∈ SX we have that ∥x + y∥ < 2. A
quantized version exists: we say that X is uniformly convex if for all ǫ > 0 there is some δ > 0
such that whenever ∥x − y∥ = ǫ we have that ∥x + y∥ ≤ 2 − 2δ.
The most useful interpretation of this will be geometric for us; the idea of strict convexity is
simply the idea that the unit sphere contains no straight line segments. We will use the following
consequence of this property: a space that is strictly convex has unique midpoints, ie, for all
x, y, z ∈ X if ∥x − z∥ = ∥y − z∥ = 1
2
∥x − y∥, then z = x+y
2
.
In the sequel we will also be interested in defining 2-dimensional Banach spaces. We will use the
term convex curve to mean a simple closed curve in R2 whose interior is a convex set. We will
also use the idea of a symmetric curve: a curve Γ is symmetric if x ∈ Γ ⇐⇒ −x ∈ Γ. The main
idea is that we take a convex symmetric curve whose interior contains the origin. This defines a
Banach space through its Minkowski functional as follows:
Theorem 2.2. Suppose that Γ is a convex symmetric curve in R2 and let Γ be the curve together
with its interior. Then the Minkowski functional associated to Γ, pΓ(x) = inf{λ ∈ R+ ∶ x ∈ λΓ}
defines a norm on R2 whose unit sphere is Γ.
We will implicitly use this later, where we will define a norm simply by specifying such a Γ.
2.3. Cayley Menger Determinants. The Cayley-Menger determinant can be used to classify
which finite metric spaces do or do not embed into Euclidean space. The interested reader
should see [4] for a readable account of the theory. We will write CMDet for the Cayley-Menger
determinant, and it is defined as follows: let y1, y2, . . . be distinct points in a space Y and write
ρij = (dY (yi, yj))2. Then we write
CMDet(y1, . . . , yn) = det( P 1
1T 0
)
where P is the n × n matrix Pij = ρij and 1 is the column vector of length n consisting entirely
of 1’s. The following theorem is the aforementioned sharp criterion:
Theorem 2.3 ([4], Theorem 5). A metric space consisting of n + 1 distinct points y0, . . . , yn
can be embedded isometrically into ℓn
2
as an affinely independent set if and only if the sign of
CMDet(y0, . . . , yk) is (−1)k+1 for each k = 1,2, . . . , n.
3. Affinely Independent Subsets of ℓ2
The main purpose of this section is to prove Theorem 1.3, ie, that affinely independent subsets
of ℓ2 embed isometrically into every infinite-dimensional Banach space. In light of Dvoretzky’s
theorem, if we show that every affinely independent subset of ℓ2 embeds isometrically into small
perturbations of ℓn
2
for suitable n then we will be done. More precisely, we prove the following:
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Theorem 3.1. Suppose Y is a finite, affinely independent subset of ℓ2. Then there is some
δY > 0 such that if X is a Banach space with d(X,ℓ∣Y ∣−12 ) < 1 + δY then Y embeds isometrically
into X.
This proof follows an idea of Swanepoel [4], where he used a similar proof to show that all
infinite-dimensional Banach spaces contain arbitrarily large finite equilateral sets. Theorem 3.1
was proven by Shkarin in [9], however the proof method used here is different, and we include it
as it may be of independent interest.
Proof. Let Y be an n + 1 point affinely independent subset of ℓ2. We may assume, without loss
of generality, that Y is an n + 1 point subset of ℓn
2
, with the first point of Y being zero. Let dY
be the Euclidean metric restricted to Y .
Label the points of Y as p0, p1, . . . , pn. Applying the result quoted in Section 2.3, we get that,
for k = 1, . . . , n, CMDet(p0, . . . , pk) has sign (−1)k+1. Since Y is affinely independent, no three of
its points are collinear. Hence, by the strict convexity of ℓ2 we get that the metric space (Y,dY )
is concave in the sense of Section 2.1.
Let Q be a set of n+1 distinct points q0, . . . , qn and consider a symmetric function d ∶ Q×Q → R,
such that d(qi, qi) = 0 for each i. Then, since (Y,dY ) is concave, there is an ǫ > 0 such that if∣d(qi, qj)− dY (pi, pj)∣ < ǫ for all i, j, then d is a metric on the set Q. Moreover, by the continuity
of the determinant operation, if ǫ is sufficiently small this metric also satisfies that the sign of
CMDet(q0, . . . , qk) is (−1)k+1 for k = 1, . . . , n.
Suppose Z is a Banach space on Rn with norm ∥.∥Z that satisfies ∥x∥Z ≤ ∥x∥2 ≤ (1 + δY )∥x∥Z ,
where we choose δY later. Let {e1, . . . , en} be the standard basis for Rn. We will construct an
isometry f ∶ Y → Z by inductively defining the sequence f(pi). Begin by setting f(p0) = 0 and
f(p1) = dY (p0,p1)∥e1∥Z e1, and suppose that for some 1 ≤ k < n we have defined f(p0), . . . , f(pk), and
that f(pi) ∈ span{e1, . . . , ei}.
Fix ǫ0, . . . , ǫk ∈ [0, ǫ], and set ǫ = (ǫ0, . . . , ǫk). We now define a metric space Q(ǫ) consisting of
k + 2 distinct points q0, . . . , qk+1 with metric d = dǫ defined as follows:
● d(qi, qj) = ∥f(pi) − f(pj)∥2 for each i, j ∈ {0, . . . , k}
● d(qi, qk+1) = ∥pi − pk+1∥2 + ǫi for each i ∈ {0, . . . , k}
Provided that δY is sufficiently small, we have that ∣d(qi, qj) − dY (pi, pj)∣ < ǫ for all pairs i, j.
Hence, by choice of ǫ, d is indeed a metric on Q(ǫ) and by Theorem 2.3, there is an isometric
embedding G ∶ Q(ǫ)→ ℓk+1
2
, onto an affinely independent set. After a series of suitable reflections
we may assume that G(qi) = f(pi) for 0 ≤ i ≤ k. We then set g(ǫ) = G(qk+1). Note that there
are two choices for g(ǫ), depending on the sign of the ek+1 co-ordinate. By fixing a choice, we
obtain a continuous function g ∶ [0, ǫ]k+1 → ℓk+1
2
.
Now define ϕ ∶ [0, ǫ]k+1 → [0, ǫ]k+1 by ϕ(ǫ0, . . . , ǫk) = (y0, . . . , yk) by
yi = ∥pk+1 − pi∥2 + ǫi − ∥g(ǫ) − f(pi)∥Z .
We claim that, for δY sufficiently small, ϕ is well defined. To see that yi ≥ 0, we note that
yi ≥ ∥pk+1 − pi∥2 + ǫi − ∥g(ǫ) − f(pi)∥2 = ∥pk+1 − pi∥2 + ǫi − ∥G(qk+1) −G(qi)∥2 = 0, where we have
used that ∥x∥2 ≤ ∥x∥Z for all x ∈ Rn.
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On the other hand, we have that yi ≤ ∥pk+1 − pi∥2 + ǫi − 11+δY ∥g(ǫ) − f(pi)∥2 = d(qk+1, qi) −
1
1+δY ∥G(qk+1) −G(qi)∥2 = δYδY +1d(qk+1, qi) < ǫ, provided δY is sufficiently small, where we have
used that ∥x∥Z ≤ 11+δY ∥x∥2 for all x ∈ Rn.
So, ϕ is a continuous map from a compact subset of Rn to itself, and by the Brouwer fixed point
theorem, it has a fixed point. Setting f(pk+1) to be g(α), where α is the fixed point, gives the
necessary extension. This completes the inductive step and hence the proof. 
3.1. Some Examples. As promised in the introduction we will look at some examples to show
that there is no possible way that the localised technique used in the proof of Theorem 3.1 can
work for affinely dependent sets. These examples are essentially based on a modification of an
idea stated in Section 2.2, where we discussed the notion of metric midpoints. It is evident that
if we have a metric midpoint z of two points x, y and f is an isometry, then f(z) is a metric
midpoint of f(x), f(y). Moreover, if we have an embedding of two points x, y ∈ X into Y , a
space where metric midpoints are unique, then if we wish to extend the embedding to a metric
midpoint of x, y there is only one possible place that the metric midpoint can embed to.
So, in the Banach space setting, suppose we have strictly convex spaces X,Y and an isometry
f ∶ A → Y where A ⊂ X is a finite subset. Then given a, b ∈ A, and we wish to extend the
isometry to the set A′ = A∪ {a+b
2
}, this extension must map the point a+b
2
to the point
f(a)+f(b)
2
.
This generalises to the case of general affine combinations of two points, namely αa + (1 − α)b
has to map to αf(a) + (1 − α)f(b), for any α ∈ R.
Using this idea, we can show various obstructions to possible extensions of Theorem 3.1. In
the following we will say that f˜ is an extension of f if f˜ is defined on a larger set than f , and
f = f˜ ∣domf .
Theorem 3.2. (1) There is a 3 points subset Y of ℓ2
2
and a point y ∈ ℓ2
2
, such that for all
ǫ > 0 there is a Banach space X with d(X,ℓ2
2
) ≤ 1+ ǫ, and an embedding f ∶ Y →X which
is isometric, but that there is no extension f˜ ∶ Y ∪ {y}→X which remains isometric.
(2) There is a three-point subset Y of ℓ2
2
such that for any strictly convex Banach space X
that contains no subspace isometric to ℓ2
2
, and for every isometric embedding f ∶ Y → X
there is a point y ∈ ℓ2
2
such that no extension f˜ ∶ Y ∪ {y}→X remains isometric.
(3) Suppose that X is a finite-dimensional, strictly convex Banach space that contains no
2-dimensional subspace isometric to ℓ2
2
. Then there is a finite subset Y of ℓ2
2
that does
not embed into X.
The first part of Theorem 3.2 is saying that the proof of Theorem 3.1 does not admit an obvious
extension to the case of affine dependence.
The second part is saying that the obstruction in the first part of the theorem is, in some sense,
typical. A modification of the first example allows us to block extensions of the type used in the
proof of Theorem 3.1 to any strictly convex space with no subspaces isometric to ℓ2
2
.
The third part has two interpretations. The first one is saying that if X is a strictly convex
finite-dimensional Banach space with no 2-dimensional subspace isometric to ℓ2
2
, then there is a
least M such that there is an M -point subset of ℓ2
2
that does not embed isometrically into X.
This is an isometric invariant of the space. For the second interpretation, note that by Theorem
3.1, for every n ∈ N there is an N ∈ N such that every affinely independent subset of ℓn
2
embeds
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into every N−dimensional Banach space sufficiently close to ℓN
2
(indeed, N = n + 1 in this case.)
Part (3) shows that this fails without the condition of affine independence, even in the case n = 2.
Proof of 3.2 part (1). Let Y be the subset {(0,0), (1,1), (1, 0)} of ℓ2
2
and let y = (0.5,0).
y
Figure 1. The subset Y and the point {y}
We now construct a Banach space X for which d(X,ℓ2
2
) is small. Fix some ǫ > 0. We construct
a symmetric convex curve Γ as follows: Let x = (x1, x2) ∈ R2.
● If the argument of x is not in [π/4 − ǫ, π/4 + ǫ] ∪ [5π/4 − ǫ,5π/4 + ǫ], and x ∈ Sℓ2
2
, then
x ∈ Γ.
● If the argument of x is in [π/4 − ǫ, π/4 + ǫ] we set x ∈ Γ if C(ǫ)(x3/2
1
+ x3/2
2
)2/3 = 1, where
C(ǫ) is chosen such that the curve Γ is continuous. We think of this sector of the unit
disc as the ’bad’ sector.
● If the argument of x ∈ [5π/4 − ǫ,5π/4 + ǫ] we say x ∈ Γ just when −x ∈ Γ.
The norm that this Banach space is equipped with is evidently strictly convex. Moreover,
d(X,ℓ2
2
)→ 0 as ǫ → 0.
We now embed the subset Y of ℓ2
2
into the Banach space X in the following way: send (0,0) to
(0,0) and (1,0) to (1,0). Then, if ǫ is sufficiently small, we can embed (1,1) to some point z
whose argument is in [π/4 − ǫ, π/4 + ǫ] and which lies on √2SX . Thus z lies in the ’bad’ sector,
ie, the sector where the norm is not equal to the ℓ2
2
norm.
By the strict convexity of X, and the remarks at the beginning of the section concerning mid-
points, the point y must map to the point (0.5,0) in X.
We now just need to observe that provided ǫ is small enough the vector in X joining (0.5,0)
to z is in the ’good’ sector, ie, will have the ℓ2 norm. However, the ℓ2 norm of the vector
joining (0.5,0) to z is not the ℓ2 norm of the vector joining (0.5,0) to (1,1) (this can be seen
geometrically: the argument of the vector joining (1,0) to the point z is not π/2.) 
Proof of 3.2 part (2). Let Y be the three-point subset of ℓ2
2
given by {(0,0), (1,0), (0, 1)} and
let X be a strictly convex Banach space satisfying the assumptions in the theorem. Let f be
an isometric embedding of Y into X. Note that, without loss of generality, we may assume
f(0,0) = (0,0).
Now, suppose that for each y ∉ Y we can extend the isometric embedding f ∶ Y → X to an
embedding f˜ ∶ Y ∪ {y} → X. In particular, we can take y = α(1,0) + (1 − α)(0,1). By the
remarks preceding this theorem, the extension f˜ must map y to αf(1,0)+ (1−α)f(0,1) for any
α ∈ R. Thus we have that ∥αf(1,0)+(1−α)f(0,1)∥ = √α2 + (1 −α)2. By homogeneity it follows
ON EMBEDDINGS OF FINITE SUBSETS OF ℓ2 7
that f(1,0) and f(0,1) span a subspace isometric to ℓ2
2
, contradicting the assumptions in the
theorem. 
Proof of 3.2 part (3). Suppose X is a finite-dimensional, strictly convex Banach space with no
subspace isometric to ℓ2
2
, and suppose that every finite subset of ℓ2
2
embeds into X.
Let s1, s2, . . . be a dense subset of ℓ
2
2
with s1 = 0. For each n let fn ∶ {s1, . . . , sn} → X be an
isometric embedding, such that (without loss of generality) fn(s1) = s1.
By a diagonal argument, we may assume that limn fn(sj) converges for each j, and call this
limit f(sj).By the continuity of the norm, f extends to an isometric embedding fˆ ∶ ℓ22 → X,
which is linear by the remarks preceding the theorem. This contradicts the assumptions in the
theorem. 
4. Some Partial Results for Question 1.1
4.1. Some Positive Results. We start this section by presenting some positive results for
Question 1.1, which will lead to further partial answers to Question 1.2.
It is trivial that finite-dimensional spaces satisfy the conclusion of Question 1.1 (via a compactness
argument). It is also trivial that spaces that are isometrically universal for all finite metric spaces
satisfy the conclusion of Question 1.1 (eg, ℓ∞, C[0,1].)
A key result for less obvious examples is a result due to Ball in [6]:
Theorem 4.1. If 1 ≤ p ≤∞, and Y is an n point subset of Lp, then Y isometrically embeds into
ℓ
(n
2
)
p .
This gives that Lp spaces (and hence ℓp) satisfy the conclusions of Question 1.1.
Summing up, we get that:
Theorem 4.2. The following Banach spaces satisfy the conclusions of Question 1.1:
● All finite-dimensional Banach spaces.
● Any Banach space that is isometrically universal for all finite metric spaces.
● Lp spaces.
Proof. Only the third bullet point needs justification. Suppose X is an Lp space. By the first
bullet point we may assume that X is infinite-dimensional, and hence contains ℓNp isometrically
for each N ∈ N. Fix an n-point metric space Y , and suppose that for each ǫ > 0 there is an
embedding of Y into X with distortion 1+ ǫ, which we denote Yǫ. By Theorem 4.1, we have that
Yǫ is isometric to a subset of ℓ
(n
2
)
p , ie, there is an embedding with distortion 1 + ǫ of Y into ℓ(
n
2
)
p .
By compactness, ℓ
(n
2
)
p contains an isometric copy of Y , and since ℓ
(n
2
)
p embeds isometrically into
X we are done. 
An old result of Fréchet states that every n-point metric space embeds into ℓn∞. Thus the class
of Banach spaces in the second bullet point of Theorem 4.2 includes spaces that contain ℓn∞
isometrically for all n. It is thus natural to consider the class of Banach spaces that for each
ǫ > 0, n ∈ N contain a subspace Z such that d(Z, ℓn∞) < 1 + ǫ. Then Question 1.1 asks whether
such a space is isometrically universal for finite metric spaces. The answer to this question is
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negative in general - see Example 4.10. However, the following result shows that if a Banach
space contains almost isometric copies of ℓn∞ for every n then it does contain isometric copies of
every finite concave metric space. The method resembles the proof of Theorem 3.1, where we
construct a family of embeddings depending on some parameter and then use the Brouwer fixed
point theorem to show that one of the embeddings is isometric.
Theorem 4.3. Suppose X is a Banach space which contains, for each n ∈ N, ǫ > 0 a subspace
Z such that d(Z, ℓn∞) ≤ 1 + ǫ. Suppose that Y is a finite metric space which is concave. Then X
contains an isometric copy of Y .
The proof of this result is similar to a proof of a result due to Swanepoel.
Proof. As in the proof of Theorem 3.1, we show that given any finite metric space Y that
is concave there is a parameter ǫ such that if ∣Y ∣ = n and d(ℓn∞,Z) ≤ 1 + ǫ then Y embeds
isometrically into Z.
Since Y is concave, we may fix η > 0 such that d(x, y)+d(y, z)−d(x, z) > 2η for each triple x, y, z
of pairwise distinct points in Y . Suppose that d(Z, ℓn∞) ≤ 1 + δ, and assume Z is Rn with norm∥.∥Z satisfying ∥x∥Z ≤ ∥x∥∞ ≤ (1 + δ)∥x∥Z , where δ > 0 is to be determined.
For 1 ≤ j < i ≤ n consider 0 ≤ ǫij ≤ η and set ǫ to be the vector of all the ǫij’s. Let x1, . . . , xn be
the points of Y and consider the following points of Rn:
p1(ǫ) = (d(x1, x1), d(x1, x2), d(x1, x3), . . . , d(x1, xn))
p2(ǫ) = (d(x2, x1) + ǫ2,1, d(x2, x2), d(x2, x3), . . . , d(x2, xn))
p3(ǫ) = (d(x3, x1) + ǫ3,1, d(x3, x2) + ǫ3,2, d(x3, x3) . . . , d(x3, xn))
⋮
pn(ǫ) = (d(xn, x1) + ǫn,1, . . . , d(xn, xn−1) + ǫn,n−1, d(xn, xn))
(Note that xi ↦ pi(0) is the Fréchet embedding of Y into ℓn∞.)
We have, for i ≠ j, that
∥pi(ǫ) − pj(ǫ)∥∞ = sup
k
∣d(xi, xk) + ǫi,k − (d(xj , xk) + ǫj,k)∣
where we set ǫkl = 0 for l ≥ k. This is equal to d(xi, xj) + ǫij, as for k ≠ i, j we have
d(xi, xk) − d(xj , xk) + ǫik − ǫkj ≤ d(xi, xj) − 2η + ǫik − ǫjk ≤ d(xi, xj) .
Set ϕij(ǫ) = d(xi, xj)+ ǫi,j − ∥pi(ǫ)−pj(ǫ)∥Z , and ϕ(ǫ) = (ϕij(ǫ))1≤j<i≤n. We have that ϕij(ǫ) ≥ 0
by the computation of ∥pi(ǫ) − pj(ǫ)∥∞, and the fact that the ℓ∞-norm majorizes the Z-norm.
Now, ϕi,j(ǫ) ≤ d(xi, xj)+ ǫij − 11+δ (d(xi, xj)+ ǫij) = (d(xi, xj)+ ǫij) δδ+1 . So if δδ+1 is small enough
that this is less than η then ϕ sends [0, η]N → [0, η]N (where N = (n
2
)).
As ϕ is continuous, by the Brouwer fixed point theorem we have some ǫ such that ϕ(ǫ) = ǫ, which
satisfies ∥pi(ǫ) − pj(ǫ)∥Z = d(xi, xj) for all i, j. 
Remark 4.4. Spaces that contain ℓn∞ almost isometrically are those with no non-trivial cotype.
Examples include Tsirelson’s original space and (⊕ℓqnpn)2 where pn, qn →∞.
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Recall, by Dvoretzky’s theorem any infinite-dimensional space that satisfies the conclusion of
Question 1.1 satisfies the conclusion of Question 1.2. Theorem 4.2 thus furnishes a list of infinite-
dimensional spaces that satisfy the conclusion of Question 1.2.
Moreover, combining Dvoretzky’s theorem, and Theorem 4.1 (due to Ball) we can arrive at the
following result.
Theorem 4.5. Suppose that X is an infinite-dimensional Banach space such that for some
p ∈ [1,∞], ℓmp isometrically embeds into X for each m. Then X satisfies the conclusion of
Question 1.2.
Proof. If p =∞ in the statement of the theorem, then X is universal for all finite metric spaces,
and thus we are done. The proof of the case p ∈ [1,∞) is very similar to the proof of the third
bullet point of Theorem 4.2, however we spell it out for clarity. Let Y be an n-point subset of
ℓ2, which without loss of generality we may assume is an n-point subset of ℓ
n
2
, and let ǫ > 0. By
Dvoretzky’s theorem there is some N such that ℓn
2
embeds into ℓNp with distortion 1 + ǫ. So Y
embeds into ℓNp with distortion 1+ ǫ and by Ball’s result it embeds into ℓ(
n
2
)
p with distortion 1+ ǫ.
By compactness there is an isometric embedding of Y into ℓ
(n
2
)
p , and hence into X. 
Remark 4.6. We note that spaces of the type in the previous theorem include infinite-dimensional
Lp spaces and any ℓp direct sum of a sequence of Banach spaces. The latter is of note as many
examples in the next section are of this type.
4.2. Some Negative Results: In this section we construct some spaces that do not satisfy
the conclusion of Question 1.1. The significance of this statement is that any attempt to prove
that "every infinite-dimensional Banach space satisfies the conclusion of Question 1.2" can not
prove the stronger statement "every infinite-dimensional Banach space satisfies the conclusion
of Question 1.1".
Example 4.7. Let X be the space X = (⊕∞n=1ℓ1+1/n)2. X fails to satisfy the conclusions of
Question 1.1. The space X is evidently strictly convex, and thus has unique metric midpoints.
Now consider S = {(0,0), (1,0), (0, 1), (1, 1)} ⊂ ℓ2
1
. This is a subset such that both (1,0) and
(0,1) are metric midpoints of (0,0) and (1,1). Hence S does not isometrically embed into X.
However, the formal identity mapping from ℓ2
1+1/n to ℓ1 has norm 2
1−1/(1−1/n)) ≈ 21/n, which
converges to 1 as n→∞, so there exist 1 + ǫ distortion embeddings of S into X for each ǫ > 0.
Note that the space X evidently satisfies the conclusion of Question 1.2 as it contains a copy of
ℓ2 isometrically. (If we switched 2 for p in the definition of X we would still have that X satisfied
the conclusion of Question 1.2 by Remark 4.6.)
We can extend the construction of the space X to give a class of spaces that fail the conclusion
of Question 1.1 as follows:
Proposition 4.8. Suppose that X is a strictly convex Banach space that is not uniformly convex.
Then it does not satisfy the conclusion of Question 1.1.
Proof. Spelling out the property of X not being uniformly convex: there is an ǫ ∈ (0,2] such that
for each n there are points xn, yn with ∥xn − yn∥ = ǫ and ∥xn+yn2 ∥ ≥ 1 − 1n . Consider the following
metric on 4 points {a, b, c, d} where d(a, b) = d(a, c) = d(a, d) = 1 and d(b, c) = d(c, d) = ǫ/2 and
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d(b, d) = ǫ. There exist almost isometric embeddings of this metric space into X: simply send a
to zero, b, d to xn, yn respectively and c to
xn+yn
2
.
However, there is no isometric embedding. Indeed, if there was one, then without loss of gen-
erality a would map to zero, and b, d would map to SX with ∥b − d∥ = ǫ. Since isometries into
strictly convex metric spaces preserve metric midpoints c would have to map to (b + d)/2, but
this would be of distance < 1 from zero, by strict convexity. 
The formulation in Proposition 4.8 allows us to give an example of a space that is important
in PDE theory that fails the conclusion of Question 1.1. To state this we will need to go into
properties of Orlicz spaces taken from [3]. We will take the notation from that paper, namely,
the function ϕ is the function generating the Orlicz space, Φ(t) = ∫ t0 ϕ(t′)dt′, ψ(t) = ϕ−1(t) and
Ψ(t) = ∫ t0 ψ(t′)d(t′). We will only deal with continuous Orlicz functions where these things are
well defined, and all continuous.1
The results of the paper show the following: Let V denote the supremum attained by the function
ϕ. Then the Orlicz space generated by the function ϕ is strictly convex if and only if ψ,Ψ both
tend to infinity as v → V . Moreover, the paper also shows that the Orlicz space generated by
the function ϕ is uniformly convex just when Φ(2u)
Φ(u) is bounded above, and for all ǫ ∈ (0,0.25),
Φ(u)
Φ((1−ǫ)u) is bounded below.
In the case of ϕ(t) = et − 1, the Orlicz space corresponding to the function ϕ is called the
exponential Orlicz space. In this case, Φ(t) = et − t − 1, and Φ(2t)
Φ(t) = e2t−2t−1et−t−1 ≈ et, which is
definitely not bounded above. Thus, the space generated is not uniformly convex. However, in
this case ψ(t) = log(t + 1) and Ψ(t) = (t + 1) log(t + 1) − t, which are both functions that tend to
∞ as t →∞. We thus have the following.
Example 4.9. The exponential Orlicz space fails the conclusions of Question 1.1.
We end this section with a further example whose purpose is twofold. On the one hand it shows
that Theorem 4.3 does not generalize. It also sheds further light on the permanence properties
of Banach spaces that satisfy the conclusion of Question 1.1.
Example 4.10. Let pn →∞ and let Y be the Banach space (⊕∞n=1ℓnpn)2. The space Y is strictly
convex, but not uniformly convex, so by Proposition 4.8 it does not satisfy the conclusion of
Question 1.1. However, Y contains ℓn∞ almost isometrically for each n - this is the space whose
existence we promised in the remarks before Theorem 4.3.
This space also allows us to show that several possible permanence properties of spaces that
satisfy the conclusion of Question 1.1 fail. Let X = (⊕ℓn∞)2. Then d(X,Y ) ≤ ∏n1/pn , which we
can make as small as we please. This show that if X satisfies the conclusion Question 1.1, there
is not necessarily some ǫ > 0 such that d(X,Y ) ≤ 1 + ǫ implies that Y satisfies the conclusion of
Question 1.1.
Remark 4.11. Indeed, we can construct two spaces X,Y such that d(X,Y ) = 1 such that X
satisfies the conclusion of Question 1.1 and Y does not. Let dn be a sequence that takes every
m ∈ N infinitely often, and pn → ∞. Then if Y = (⊕m,n ℓdmpn )2 and X = (⊕ ℓn∞)2⊕2 Y , then we
1This simplifies what is about to be stated, but not by much.
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can prove that d(X,Y ) = 1. It is evident that X satisfies the conclusion of Question 1.1, and
Proposition 4.8 allows us to see that Y does not.
5. An Application and Some Open Questions
We give an application of Theorem 3.1 that may be of independent interest. Recall that the
α-snowflake of a finite metric space (X,d) is the metric space (X,dα) with α ∈ (0,1).
Theorem 5.1. Suppose that (X,d) is a finite metric space, and Y is an infinite-dimensional
Banach space. Then there exists α′ ∈ (0,1) such that whenever 0 < α < α′, the space (X,dα)
isometrically embeds into Y .
The proof of this consists of combining two ingredients, the first being Theorem 3.1 of this paper.
The second ingredient is a result of Le Donne, Rajala and Walsberg in [8]. Proposition 2.2 in this
paper shows that for α sufficiently close to zero, the space (X,dα) embeds into ℓ∣X ∣
2
isometrically.
Proof. Let x1, . . . , xn be the points of X. The proof of Proposition 2.2 in [8] shows that,
for α sufficiently small, there is an embedding that takes the points of X to points close
to 1√
2
e1,
1√
2
e2, . . . ,
1√
2
en. More precisely, if we let the isometric embedding be denoted by
fα ∶ (X,dα)→ ℓ∣X ∣2 we have that fα(xi)→ 1√2ei, as α → 0.
Let α′ > 0 be such that ∀α < α′ we have ∥fα(xi) − 1√
2
ei∥ < 1100n . Then, for each α ∈ (0, α′) we
have a basis 1√
2
ei, and a sequence fα(xi) such that ∑ni=1 ∥fα(xi) − 1√2ei∥ < 1100 .
It follows easily that the fα(xi) are linearly independent, and so we are in a position to apply
Theorem 3.1. 
5.1. Open Questions: The main question that remains open is the following:
Question 5.2. Let X be an infinite-dimensional Banach space, and A a finite subset of ℓ2. Then
does A isometrically embed into X?
Our paper establishes this result is true whenever A is affinely independent, or when X belongs
to various natural classs of Banach spaces (eg, any p-direct sum of Banach spaces).
For affinely dependent sets, we are able to prove the following result: Suppose X is a Banach
space of dimension 2 or above. Let A = {0, x, y,αx+(1−α)y} where x, y ∈ ℓ2
2
and α ∈ [0,1]. Then
A isometrically embeds into X. This is the first non-obvious affinely dependent set. The proof
consists of constructing a 1-parameter family of embeddings of A that are isometric on {0, x, y}.
Then an intermediate value property is used to find one that is isometric on A. However, our
method does not seem to generalize to more complicated affinely dependent sets.
Our work in Section 4 leads naturally to the following question:
Question 5.3. Let X be an infinite-dimensional, uniformly convex space. Does X contain
isometric copies of every finite metric space it contains almost isometrically?
We finally mention a generalization of Questions 1.1 and 1.2 that may be of further interest.
Question 5.4. Let Y by a class of metric spaces. We say that a Banach space X has property
U(Y) if every space Y ∈ Y that almost isometrically embeds into X embeds isometrically into X.
Are there characterizations of {X ∶X has U(Y)} for natural classes of spaces Y?
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Consider the following classes of metric spaces:
● Let Y1 be the class of finite equilateral metric spaces.
● Let Y2 be the class of finite affinely independent subsets of ℓ2.
● Let Y3 be the class of finite subsets of ℓ2.
● Let Y4 be the class of finite concave metric spaces
● Let Y5 be the class of finite metric spaces.
The work of Swanepoel in [4] shows that all infinite-dimensional Banach spaces have property
U(Y1), and our paper shows that all infinite-dimensional Banach spaces have property U(Y2).
Question 5.2 is asking whether every Banach space has property U(Y3).
Our work also shows that there are spaces that have property U(Y3) but not property U(Y5)
and shows that every infinite-dimensional space with no non-trivial cotype has U(Y4).
Question 5.3 is asking whether every infinite-dimensional uniformly convex Banach space has
property U(Y5)
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